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DSGE MODELS WITH LOCAL APPROXIMATION

Let y be a n x 1 vector of endogenous variables, u is a ¢ x 1
vector of exogenous stochastic shocks. We consider the

following type of model:

Bt [f(Ye1, Y, ye—1,ut)] = 0

with:
Uy — O€t
E[Et] = 0
Elee;] = X

where o is a scale parameter, € is a vector of auxiliary random

variables.

Assumption f: R3"T? — R” is a differentiable function in C*.
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SOLUTION FUNCTION

Yt = g(:yt—lautao-)

The unknown function g collects the policy rules and transition

equations.

Then,

Yt+1 — g(ytaut—l-laa)
— g(g(yt—17 U, 0)7 Ut+1, J)

and we define:

Fg(yt—la Ut, Ut41, U) — f(g(g(yt—17 U, 0)7 Ut41, 0-)7 g(yt—h U, 0)7 Yt—1, Ut)

Our problem may be then written as:

Et [Fg(yt—h Ut, Ut+1, J)] =0
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STEADY STATE

e A deterministic steady state, y, for the model satisfies
f(9,9,9,0) =0

e A model can have several steady states, but only one of

them will be used for approximation.

e Furthermore, the solution function satisfies:

y=g(y,0,0)
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FIRST ORDER APPROXIMATION (I)

Lety—yt 1_y7u_ut7 U4y = Ut4-1, fy-l— o 8yt+1’ fy_a—yt

0 0 0
fy— T 8yt 17 fu_ 3utagy_ aytglygu— 8375790'— %. Where
all the derivates are evaluated at the deterministic steady state.

With a first order Taylor expansion of F' around ¥:
0~ Fg(l)(y_,u, Uy, 0) =
fur (9y (949 + gt + Go0) + guut + go0)
+ fy (998 + guu + go0) + fy_ G+ fuu

What has changed? We now have three unknown
“parameters” (g,, g, and g, ) instead of an infinite number of

parameters (function g).
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FIRST ORDER APPROXIMATION (II)

Taking the expectation conditional on the information at time

t, we have:

0 ﬁfy+ (gy (gyg + guu + 900) + gu Iy [u+] + ggU)
+ fy (gyﬁg + guu + 900) —+ fy_ﬁg + fuu

or equivalently:

+ (fy+gygo + fy+ga + fygg) o

This “equality” must hold for any value of (y,u,0), so that the
terms between parenthesis must be zero. We have three

(multivariate) equations and three (multivariate) unknowns.
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FIRST ORDER APPROXIMATION (III, CERTAINTY EQUIVALENCE)

Let us assume that g, is known. We must have:

fy+gyga + fy+ga + fyga =0

Solving for g,, we obtain

90 =0

This is a manifestation of the certainty equivalence property of
first order approximation: the policy rule does not depend on

the size of the structural shocks.
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FIrRST ORDER APPROXIMATION (IV, RECOVERING ¢, )

Let us assume again that g, is known. We must have:

fy+gy9u + fygu + fu=0

Solving for g,, we obtain

Gu = — (fy+gy =+ fy)_l fu

g, gives the marginal effect of the structural innovations on the

endogenous (jumping and states) variables.
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FIRST ORDER APPROXIMATION (V, RECOVERING g,)

We must have:

(fy+9y9y + fygy + fy—) y=20

Structural state space representation:

0 fys
I 0
or
0 fys
I 0

Yt — Y

I Yt+1 — Y

9gyy

Because g, is the marginal effect of y;—1 on y;.

[ A
Yy
gy_
Yi—1 — Y
Yt — Y .
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FIRST ORDER APPROXIMATION (VI, RECOVERING g¢,)

Dxy1 = By
with

Yt — Y Yi—1 — Y
Lt4+1 = Tt =

_yt+1—y Yy — Y

e There is an infinity of solutions but we want a unique

stable one.

e Matrix D may be singular.
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FIRST ORDER APPROXIMATION (VII, RECOVERING g,)

Taking the real generalized Schur decomposition of the pencil
< B, D >:

D = QTZ
E = QSZ

with T', upper triangular, S quasi-upper triangular, Q'Q) = I
and 2’7 = 1.
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FIRST ORDER APPROXIMATION (VIII, RECOVERING g, )

DEFINITION: Generalized eigenvalues
\; solves

)\Z-Dvi = EUZ'

For diagonal blocks on .S of dimension 1 x 1:

1

e 1, =0,5; >0 A=+400
e 1;,=0,95;,;<0: A=—00
e 1:,=0,5,=0. AeC
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FIRST ORDER APPROXIMATION (IX, RECOVERING g¢,)

Applying the Schur decomposition and multiplying by Q" we

obtain:
1 A 1 A
D gy = Lk Y
T 1o Z11 212 I X
9yy
i 0 T22_ _Zzl Z22_ | 9y |

S11 Si2 Z11 212 I
0 S22 Zo1 22 Gy

Where S and 1" are arranged in such a way that the stable

eigenvalues comes first.
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FIRST ORDER APPROXIMATION (X, RECOVERING g, )

gy 1s recovered by selecting the stable path. To exclude

explosive trajectories, one must impose
Zo + Zag, =0

or equivalently:

gy = —22_21221

A unique stable trajectory exists if Z99 is square and
non-singular. With Blanchard and Kahn’s words: there are as
many roots larger than one in modulus as there are
torward—looking variables in the model and the rank condition

is satisfied.
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SECOND ORDER APPROXIMATION (1)

With a second order Taylor expansion of F' around ¥:

F<2)(y—7u7u—|—70) — F(l)(y_,u,u+,0)

+ % (Fy_y (1®9) + Fuu(u®@u) + Fy o, (us @ us) + Fppo?)
+ Fy_u(J ®@u) + Fy uy (@ uy)+ Fy o0
+ Fuu, (u®uy) + Fyouo + Fy suqo

and taking the time ¢ conditional expectation, we get:

0~ [F(l)(y_,u,u+,0)

1 - 3}
+ 5 (Fy_y_ G®9) + Fu(u®@u) + Fy o, (0?%) + FMJQ)
+ F, w(g®@u)+ F, 590 + Fysuo

We have six more unknowns: ¢y, 9yus Guu, Gyos Guo and goo.
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SECOND ORDER APPROXIMATION (II)

The second order derivatives of a vector of multivariate

functions is a three dimensional object. We use the following

notation

O*F
Ordr

82F1 (92F1 82F1
0x10x1 0x10x9 e 0x20x1
82F2 82F2 82F2
0x10x1 0x10x9 e O0x20x1
02 F,, 02 F,, 02 F,,
| Ox10x1 0x10x9 e 0x20x1

02 Iy
0xn0xn

0% Fy
0xn0xn

O2F,,

0xnO0xn
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SECOND ORDER APPROXIMATION (III, COMPOSITION RULE)

Let

then,

fly) = flg(s))

0%f  Of 929  O2f (ag ag)

0s0s Oy 0s0s i Oyoy \ Os “ 0s
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SECOND ORDER APPROXIMATION (IV, RECOVERING g, )

Assuming we have already solved for g,, we must have:

Fy y = Jy (Gyy gy @ gy) + 9y9yy) + fygyy + B
= 0

where B is a term that doesn’t contain second order derivatives

of function g.

The equation can be rearranged:

This is a Sylvester type of equation and must be solved with an

appropriate algorithm.
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SECOND ORDER APPROXIMATION (V, RECOVERING g,,,)

We must have:

Fy o = fy+ (gyy(gy ® Qu) + gygyu) —+ fygyu + B
= 0

where B is a term that doesn’t contain second order derivatives

of function g.

This is a standard linear problem:

yu — — (fy+gy + fy)_l (B + fy+9yy(9y ® gu))
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SECOND ORDER APPROXIMATION (VI, RECOVERING ¢,,,)

We must have:

Fuuw = fy+ (gyy(gu %Y gu) T gyguU) T fyguu + B
= 0

where B is a term that doesn’t contain second order derivatives

of function g.

This is a standard linear problem:

Juu — — (fy+gy + fy)_l (B T fy+gyy(gu ® gu))
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SECOND ORDER APPROXIMATION (VII, RECOVERING ¢,, AND Gy )

We must have:

Fy_ o = fy+9ygya + fy9yo
= 0
Fua — fy+gygua + fygua
= 0
as g, = 0. Then:
9yo — Yuo — 0

The size of the structural innovations do not affect the

marginal effect of ;1 and u; on ;.
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SECOND ORDER APPROXIMATION (VIII, RECOVERING ¢, )

We must have:

Faa + Fu_|_u_|_ Ee — fy_|_ (gaa + gygaa) + fygaa
+ (fyivs (9u ® gu) + fyy Guu) X
= 0
taking into account g, = 0.

This is a standard linear problem:

Joo — — (fy+ (I + gy) + fy)_l (fy+y+ (gu X gu) + fy+guu) ie

We have lost the certainty equivalence property!
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SECOND ORDER APPROXIMATION (IX, DECISION FUNCTION)

Yt = J 4 0.50000° + gy + gur + 0.5 (gyy (7 ® 9) + guu(u @ u)) + gyu(J @ u)

We can fix o = 1.

Second order accurate moments:

2y = gyzyg; + 02guZ€g;

—

E [yt] = Y+ ([ — gy)_l (0-5 (gaa + gyyzy + guuie))
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FURTHER ISSUES

e For large shocks second order approximation simulation

may explode
— pruning algorithm (Sims)
— truncate normal distribution (Judd)

e The model has to be defined by f € C”.

e The approximated solution is local so we cannot analyse

transitions from one steady state to another.

A global approximation of the unknown function ¢ is needed...

But to keep things tractable we also need (somehow) to
“project” this infinite dimensional problem in a finite

dimensional space.
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A SIMPLE EXAMPLE (I)

e Suppose we want to solve the following dynamic problem:

for t € [0, T] given the initial condition y(0) = 1 (backward
looking dynamic) where y € C?.

e This problem is trivial, the solution is y(t) = €!, but let us
assume that we don’t know how to solve a differential

equation.

e Define the operator £ by
Lf=f—f

a mapping from C' to CV.
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A SIMPLE EXAMPLE (II)

e The dynamic problem can now be formulated as a “fixed

point” problem in the space C! of functions:
Ly=20

e The idea is to approximate the unknown vy by a weighted

sum of monomial terms on the interval |0, T:
n
y(t;a) = ag + Z a;t’
i=1

where obviously ag = 1 (to fit the initial condition), so we
redefine a = (aq,...,a,)". Our infinite dimensional

problem is reduced to a finite dimensional problem with n
unknowns. We just need to find a € R"™ which provides an

acceptable approximation of y.
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A SIMPLE EXAMPLE (IIT)

Theorem (Weierstrass) If f € Cla,b|, then for all € > 0,

there exist a polynomial p(z) such that:
Vo € [aab]v ‘f(ﬂ?) —p([lf)’ <€

If f € C*[a,b], then there exists a sequence of order n

polynomials, p,,, such that:

lim max |f(z) — pD(z)| =0

n—00z€[a,b]

for [ < k.
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A SIMPLE EXAMPLE (IV)

o Let:
R(t;a) = Ly(t; a)

n

—a; — 1+ z”: aiiti_l — Z aiti
i=2

i=1
be a residual function defined for ¢ € [0, 7.

e The idea is to choose a to make the residual as small as

possible (given n).

e A first try would be:

a

T
a= arg min/ R(t,a)dt
0

— NLLS, L? norm.
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A SIMPLE EXAMPLE (V)

e Other approaches can be considered:

— Method of collocation: a € R" is such that the

residual is exactly zero on n points {¢;}" ; in |0, T:
R(ti;a)=0fori=1,...,n

— Method of moments: the true solution is such that
for any arbitrary function p(t) we have T pt)cyt)de = o.
We can choose a € R™ so that for a sequence of arbitray

functions {p;(t)}_; we have exactly:

T T
/ pi(8) Lot a)dt = / pi(t)R(t; a)dt = 0
0 0

Usually we consider p;(t) = t*.
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A SIMPLE EXAMPLE (VI)

e To solve a differential equation we need:
— To express it as a zero of some operator.

— To define a parameterized approximation function as a

weighted sum of simple functions.

— To identify the parameters of the approximation
function by matching some conditions fullfilled by the
true solution.

e Remaining issues:
— What is the value of n?
— What kind of “simple functions” should be choosen?

— How should we solve for the parameters of the

approximation function?
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(GENERAL PROBLEM

e Suppose that the unknown function is the solution of the

following operator equation:

N(f)

where N : B — B, B is a Banach space of functions
f:DCR" — R™

e Trivial example. In the previous example we have
D=10,T], f: D— R and

d
= — ]
N=3

where [ is the identity operator.
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(GENERAL PROBLEM

e Economic example. For a discrete time Ramsey growth
model, D is the space of the state variable (capital stock
k), the unknown function f is the policy rule (consumption
as a function of k, ¢(k)), NV is the Euler equation (so we

have n =m = 1):

N(e) =/ (c(k)) = B (e(h(k) = (k) ( (k) - c(k)))

where h(k) = f(k) + (1 — 6)k, u is the utility function and

f is the production function.
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FIVE STEPS APPROACH

1. Choose a basis ® = {p;}"_; and an inner product:
< ispj >= [ppi(z)pj(r)w(z)dz.
2. Choose a degree of approximation: n.

n

f — Z a;p;i(x)

1=1

3. For a guess a; evaluate the approximation of f and the

residual:
Rwa) = (N(7)) @

4. Choose a sequence of n functions, p; : D — R™ and for

each guess of a; evaluate the n projections:

P, =< R(.,a),pi(.) >
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CHOICE OF A BASIS

e Each element, ¢;, of the basis should be simple to compute.
e Elements of the basis should be similar in size.

e Each element of the basis should bring a specific

information.

o Ideally ¢; is orthogonal to ¢; with respect to the chosen

inner product

< i, p; >=0
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CHEBYSHEV POLYNOMIALS (I)

e Defined over [-1,1] by:

T, (x) = cos(n arccos x)

e Can be evaluated using the folowing recursion:
To(.flj) =
Ti(x) ==
Thii(x) = 22T, (x) — Th—1(x)

December 13, 2007 Université du Maine, GAINS & CEPREMAP Page 35



CHEBYSHEV POLYNOMIALS (1)

Tix) T4[.'l'] T_-"Ll']
| PN T
| / \ '
\ ;ef 0.5 b} |
" / X "
I|I / ! f
-1} Loy i \0.5 ffr™t
1 f o f
\ ks A\ /
L /.,-'; \\ .'".I
o ‘\\_/ - -\q_/’;
T,(x)

To(zx) =1

T (x) = x

To(x) = 222 — 1

T3(x) = 423 — 3z

Ty(x) = 8z* — 822 +1

Ts(x) = 162° — 202> + 5z

Te(z) = 322° — 482% + 1822

T (z) = 64z’ — 1122° + 5625 — 7z

Ts(z) = 1282° — 2562° + 1602* — 3222 + 1
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CHEBYSHEV POLYNOMIALS (IIT)

e The Chebyshev polynomials are orthogonal with respect to

the inner product defined by the weighting function
(1—22)"2:

)
0 if n #£m
L dz .
1Tn($)Tm($)m:< T in=m=20
\W/Z ifn=m%#0

e Let 2z be a root of the order n Chebyshev polynomial,
T (z) = 0. The n zeroes of T, are given by:

2h — 1
zn,hzcos<( h )W) for h=1,...,n

2n
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CHEBYSHEV POLYNOMIALS (IV, INTERPOLATION THEOREM)

e Suppose f € C¥[a,b].

e Define:
2 n
Cj = E Z f(zn,k:)Tj(Zn,k)
k=1
and
R 1 i
fulz) = =50+ ) erTi(w)
k=1

e There exists some dj such that for all n

. 2 d
1= flle < (210800 + 1) +2) L1
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CHEBYSHEV POLYNOMIALS (V, MULTIVARIATE EXTENSION)

e If we have more than one state variable:
— Tensor product basis.

— Complete basis.

e Curse of dimensionality...
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CHOICE OF A PROJECTION CONDITION (I)

e We have to choose a which makes the residual small.
e NNLS (L? norm of the residuals) is a natural choice.

e More generaly, define the inner product as

< fg>= /D F(2)g(@)w(z)da

where w(x) is an arbitrary waighting function.

e If a solves NNLS then we have:

a=max < R(.,a),R(.,a) >

a

with w(x) = 1 for all x.
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CHOICE OF A PROJECTION CONDITION (ITI)

e Aternatively we can fix n projections and and choose a
such that the resulting residual in each of these n

projections is zero.

e NNLS «— GMM. So we choose a such that
OR
R : =0
(RGa) gota)

for:=1,...,n.

e More generally we can replace the partial derivates of R by
any collection of arbitrary function {p;}" ; and choose a
such that:

fori=1,...,n.
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CHOICE OF A PROJECTION CONDITION (IIT)

e Galerkin

e Method of moments, collocation.,...

e Orthogonal collocation.
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